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MINIMUM SPANNING ACYCLE AND LIFETIME OF 
PERSISTENT HOMOLOGY IN THE LINIAL-MESHULAM 

PROGESS 

YASUAKI HIRAOKA AND TOMOYUKI SHIRAI 


Abstract. This paper studies a higher dimensional generalization of Frieze’s 
^(3)-limit theorem in the Erdos-Renyi graph process. Frieze’s theorem states 
that the expected weight of the minimum spanning tree converges to (^(3) 
as the number of vertices goes to infinity. In this paper, we study the d- 
Linial-Meshulam process as a model for random simplicial complexes, where 
d = 1 corresponds to the Erdos-Renyi graph process. First, we define spanning 
acycles as a higher dimensional analogue of spanning trees, and connect its 
minimum weight to persistent homology. Then, our main result shows that 
the expected weight of the minimum spanning acycle behaves in 0{n^~^). 


Keywords. Random Simplicial Complex, Minimum Spanning Acycle, Linial-Meshulam 
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1. Introduction 

Let Kn = U En be the complete graph with n vertices, where Vn and are 
the sets of vertices and edges, respectively. We assign a uniform random variable 
te C [0,1] independently for each edge e € E^ and define an increasing stochastic 
process of subgraphs of Kn by 

(1.1) A„(t) = V„ U {e G I te < t}, tG [0,1], 

This process starts from time t = 0 and ends up with at time t = 1. It 

is called the Erdos-Renyi graph process. By definition, Kn{t) is equal in law to the 
Erdos-Renyi graph G(n,t), which is obtained from by retaining each edge with 
probability t and deleting it with probability 1 —t independently [S] . We also note 
that Knit) defines a random filtration of parametrized by t G [0,1]. 

Let be the set of spanning trees in A„, i.e., the trees in containing all 
vertices. Note that every spanning tree consists of n — 1 edges. The minimum 
spanning tree on Kn is defined as the spanning tree T G with the minimum 
weight wt(T) = Ucgt H^re, it is worth mentioning Kruskal’s algorithm [TS] for 
finding the minimum spanning tree. In Kruskal’s algorithm, the weights {te}eG£;„ 
are treated as the birth times of edges. We start from the isolated vertices Vn at 
time 0, and then we expose an edge e at time tg in order. If the edge e does not 
create a cycle, we keep it remained in our graph; otherwise we omit it. We repeat 
this procedure until the number of accepted edges becomes n — 1, and the derived 
tree will be the minimum spanning tree. 

Frieze [7] shows the following significant result about the weight of the minimum 
spanning tree. 
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Frieze’s C(3)-Limit Theorem. 


( 1 . 2 ) 


E[ min wt(T)] —>■ ^(3) = 1.202 • • • 




as n —>■ c», where ((s) is Riemann’s zeta function. 

This limit theorem has been investigated further in several directions, e.g., a cen¬ 
tral limit theorem and a tail estimate for the minimum weight, extensions to more 
general weight distributions and underlying graphs, and asymptotic expansions. 


Recent developments can be found in [2] and references therein. In the present 


paper, we will explore a higher dimensional generalization of this limit theorem. 

One of the main ingredients in the proof of Frieze’s theorem is the following 
formula connecting the weight of the minimum spanning tree to the integrated 
Betti number: 



(1.3) 


Here, /3o(i) is the reduced Betti number of Kn{t), i.e., the rank of the reduced 
homology HQ{Knit)), and is equal to the number of connected components in K„{t) 
minus 1. 

This formula is deterministic in the sense that it is valid for any realization of 
{te}e^En 9'n.d hence for the induced filtration {Jfn(t)}tG[o,i] of Kn- Given birth 
times {te}e£E„, the reduced Betti number /3o{t) decreases by 1 at time 4 if two 
connected components in Kn{te—) are joined by adding the edge e. Since connected 
components can be regarded as generators of the 0-th homology, such a time tg is 
viewed as a death time of the corresponding homology generator and the right-hand 
side of gives the lifetime sum of Hi^{Kn{t)). This observation naturally leads 
us to the notion of persistent homology. 

The persistent homology [1[23] (see Section 12.21 for details) has recently been 
studied as a tool to describe how topological features behave in a filtered topological 
space. In particular, it provides the concepts of the birth and death times of each 
topological feature, which measure the appearance and disappearance of the feature 
in the filtration. The lifetime is also defined as the difference between the birth and 
death times, and it measures the persistence of the feature in the filtration. 

In this paper, we first show the following theorem as a higher dimensional exten¬ 
sion of the formula m, which is not just a counterpart of fOD but also sheds new 
light on the link among the lifetime sum of the persistent homology, the weights of 
the minimum spanning acycles, and the integrated Betti numbers. 

Theorem 1.1. Let X be a finite simplicial complex satisfying 




for some 1 < d < dimX. Let X = {X(t)}tgR^g be a filtration of X. Then, the 
following identities hold: 


(1.4) 


Ld-i = min wt(T) — max wt{Xd-i\S) 


Tesw Sg5(‘'-i) 


(1.5) 
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Here, R>o is the set of nonnegative reals, Pk{t) is the fc-th Betti number of X{t), 
Xk is the set of /c-simplices in X, X^^'> is the /c-dimensional skeleton of X, Lk is the 
lifetime sum of the /c-th persistent homology (defined in (12.71) 1. and is the set 
of fc-spanning acycles ('Definition 13.II) . The proof of this theorem is given in Section 

El 

The formula (jl.3l) is given as a special case d = 1 of this theorem. It should be 
remarked that, although only the death times are treated in the Erdos-Renyi graph 
process {d = 1), we also need to study the birth times in the higher dimensional 
case. This effect causes the second term in (lEl, and the formulation using the 
birth and death times in persistent homology fits this extension well. Furthermore, 
we remark that Frieze’s theorem can also be expressed by using the lifetime sum 
as follows: 

E[Lo] —>■ C(3) as n —>• oo. 

Based on these formulae dn and m, we study a higher dimensional general¬ 
ization of the Erdos-Renyi graph as random simplicial complexes. The connectivity 
and acyclicity of graphs, which are commonly studied in random graphs, can be 
interpreted by using 0-th and 1-st homologies, respectively. Then, it is natural 
to generalize classical results in the Erdos-Renyi graph into analogues expressed 
by higher dimensional homology of suitable random simplicial complexes (e.g., see 
the papers [m im [m EH El] and references therein for recent topics of random 
simplicial complexes). 

In this paper, we consider two processes of random simplicial complexes, the 
Linial-Meshulam process m and clique complex process both of which can 
be regarded as natural generalizations of the Erdos-Renyi graph process. Precise 
definitions of these processes are given in Section [Sj Our main result shows the 
following higher dimensional generalization of Frieze’s (C(3)-limit theorem in the 
Linial-Meshulam process. 

Theorem 1.2. Let L^-i be the lifetime sum of the {d — I)-st persistent homology 
of the d-Linial-Meshulam process (d > I) on n-vertices. Then, 

(1.6) E[Ld-i] = 0{n^-^) 

as n ^ oo. 


For d = 1, we already know that the limiting value is f(3) from Frieze’s theorem 
and this agrees with (mi). 

This paper is organized as follows. The fundamental concepts of homology and 
persistent homology are explained in Section [5] Here, the algebraic formulation 
using graded modules and the analytic formulation using counting measures are 
introduced for persistent homology, and both formulations are used to derive The¬ 
orem o and Theorem 11.21 In Section [3l we summarize a determinantal formula 
of boundary maps by means of spanning acycles. Section |4| is devoted to proving 
Theorem o In Section [SJ we explain random persistence diagrams as point pro¬ 
cesses, and then introduce the d-Linial-Meshulam process and the clique complex 
process. The proof of Theorem 1 1.2 1 is presented in Section [6] Furthermore, we also 
show a partial result iTheorem lB.lOl) on the higher dimensional extension of Frieze’s 
theorem for the clique complex process. In Section (3 we list some conjectures and 
open questions. 
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2. Persistent Homology and Lifetime 

2.1. Homology. We first recall some fundamental concepts of simplicial homology. 

For more details, the reader may refer to [5]. Let X be a simplicial complex on a 
finite set H = {1, ..., n}, i.e., a collection of nonempty subsets of V which includes 
all elements in V and is closed under the operation of taking nonempty subsets. 
An element a € X with \a\ = k + 1 is called a A:-simplex and k is called its 
dimension. The dimension dim A of the simplicial complex X is given by the 
maximum dimension of simplices in X . We denote the set of fc-simplices in X and 
its cardinality by Xk and fk{X) = \Xk\, respectively. The A:-dimensional skeleton 
of X is defined by Xj. In this paper, we only deal with finite simplicial 

complexes, i.e., |y| < oo. 

For a simplicial complex A, the boundary map dk '■ Ck{X) —>■ Cfc_i(A) and the 
chain complex 

(2.1) -^CfcH.i(A)^Cfe(A) ACfe_i(A)^... 

in the integer coefficient are defined in a standard way. For a = {wq) ■ ■ ■ ,Vk} S 
A, we set its oriented simplex by the ordering vq < ■ ■ ■ < Vk and denote it by 
(cr) = (vQ-'-Vk)- Then, the fc-th homology Hk{X) = Zk{X) / Bk{X) is defined as 
the quotient Z-module of Zk{X) = kerdk and Bk{X) = imSfe+i. 

In this paper, we use the reduced homology Hq{X) for k — 0, which is given by 
Hq{X) ~ Hq{X) © Z. For simplicity, we use the same symbol Ho{X) for the 0-th 
reduced homology and omit to specify “reduced” from now on. We also note that 
the homology can be represented as Hk{X) ~ Tk{X) © where Tk{X) and 

Pk{X) are called the fc-th torsion and the fc-th Betti number, respectively. 

For simplicial complexes Y C X, let Ck{X,Y) = Ck(X)/Ck(Y) be the quo¬ 
tient module. The boundary map in the chain complex (12.11) naturally induces the 
relative chain complex 

(2.2) - y Ck+i{X,Y)^-!^ CkiX,Y) ^ Ck-i{X,Y) ^ . 

Then, the fc-th relative homology Hk{X, Y) is defined by the same way as Hk{X, Y) = 
Zk{X,Y)/Bk{X,Y), where Zk{X,Y) — kercifc and Bk{X,Y) = im(?fc-i-i in (12.21) . It 
is well known that there exists an exact sequence for a pair Y G X: 

(2.3) 

-^ Hk+i{X,Y) HkiY) Hk{X) Hk{X,Y) ^ Hk-i{Y) ^ . 

2.2. Persistent Homology. Let Z>o and ]R>o be the sets of nonnegative integers 
and reals, respectively. Let X = {A(f) | t G K>o} be a right continuous filtration 
of a simplicial complex A. Namely, X{t) is a subcomplex of A, X{t) C X(t') for 
t < t', and X{t) = nt<t' ^(^0- We assume that there exists a saturation time T 
such that X{T) = X. For each simplex tr G A, let = min{t G M>o | cr G X{t)} 
denote the birth time of a. 

Let A be a field of characteristic zero, and let A[R>o] be a monoid ring. That 
is, A[]R>o] is a A-vector space of formal linear combinations of elements in ]R>o 
equipped with a ring structure 

(at) • {bs) = {ab){t + s), a,b G K, t,s G M>o- 
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In the following, the elements in _ftr[K>o] are expressed by linear combinations of 
(formal) monomials oz*, where a G K, t G K>o, and z is an indeterminate. Then, 
the product of two elements are given by the linear extension of az* • 6z® = o&z*“'"®. 

For t G M>o, let Ck{X{t)) be the iF-vector space spanned by the oriented k- 
simplices in X{t). The fc-th chain group Ck{X) of X is defined as a graded module 
over the monoid ring it'[]R>o] by taking a direct sum 

Ck{X) = 0 Ck{X{t)) = {(ct) I Ct e Ck{X{t)), t G M>o}, 


where the action of a monomial z® on Ck{X) is given by the right shift operator 


• (ct) = (cj), c[ = 


—SI t ^ S 

0, t < s 


For an oriented simplex (ct), let us define 


((^)) = ict), 


Ct = 


( ct ), t = ta 
0 , t 


Then, the set = {((ct)) \ a G Xk} forms a basis of Ck{X). The boundary map 
5k ■ Ck{X) —)> Ck-i{X) is defined by the linear extension of 


k 

(2.4) 4((a))=^(-l)^z‘--‘-.((CT,)), 

i=o 

where (ct) = (vg ■ ■ ■ Vk) and Uj = ct \ {uj}. We note — to-^ >0 from aj C ct. 
The matrix form of 6k using the standard bases and Sfe_i consists of entries 
±z‘ e K[R>o]. 

The cycle group Zk{X) and the boundary group Bk{X) in Ck{X) are defined by 


Zk{X) ='kei5k, Bk{X) = luvSk+i. 

It follows from 5k o = 0 that Bk{X) C Zk{X). Then, the fc-th persistent 
homology is defined by 

Hk{X) = Zk{X)lBk{X). 

We note that the persistent homology is a graded module over iF[IR>o]. 

The following theorem is known as the structure theorem of the persistent ho¬ 
mology. 


Theorem 2.1 ([23]). There uniquely exist indices p,q G Z>o and {bi,di) G K.>g 
for i = 1,... ,p with bi < di and bi G R>o for i = p + 1,... ,p + q such that the 
following isomorphism holds: 

V / I \ p+g 

(2.5) Hk{X)^^(iz^‘)/{z^^)\(B 0 (z^O, 

2—1 ^ ^ 2=p+l 

where (z“) expresses an ideal in iG[M>o] generated by the monomial z“. When p or 
q is zero, the corresponding direct sum is ignored. 


Here bi and di are called the birth and the death times, respectively, and they 
measure the events of appearance and disappearance of topological features in the 
filtration X. Namely, it expresses that a homology generator is born in Hk{X{bi)), 
persists in Hk{X{t)) for hi < t < di, and dies in Hk{X{di)). The lifetime k of the 
pair {hi,di) is defined hy U = di — bi. For p-l-I < i <p + q, we assign the death time 
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di = oo as the element of the extended nonnegative reals M>o := R>o U {oo}. We 
remark that the representation (1^ of the persistent homology is the counterpart 
to the one using the torsion and free modules in the standard homology. Both are 
derived from the structure theorem of hnitely generated modules over PID. 

The indecomposable decomposition (12.51) of the persistent homology can be ex¬ 
pressed by using a multiset called the A:-th persistence diagram 

(2.6) Dk{X) = {ibi,d,) G k|o \ i = 1,... ,p + q}. 

Similar to homology, we use the reduced persistent homology for fc = 0, which 
is defined by deleting one generator with infinite death time from Hq{X). For 
simplicity, we use the same symbol Hq{X) and omit to specify “reduced”. The 
persistence diagram Do{X) is also defined in a reduced sense. 

2.3. Lifetime Formula I. We denote the lifetime sum of the fc-th persistent ho¬ 
mology by 

p+q 

(2.7) Lk^Y.^d,-bi), 

i=l 

where L/c is understood as oo when <7 > 1. 

It is often convenient to regard the fc-th persistence diagram (12.61) as a counting 
measure 

Cfe = ‘^{x,y)^{x,y) 

0<ai<y<oo 

_2 

on the set A = {{x^y) G M>q | x < y}, where S(^x,y) is the delta measure at (a;,y) 
and 

'^(x,y) = |{1 < * <P + 9 I {bi,d^) = {x,y)}\ 
is the multiplicity. We note that 

(2.8) ^fe(t) = ^fe([0,t] X [t,oo]), 

where /3fc(t) = /3k{X{t)). 

We write 

(Cfe,/)= [ f{x,y)^kidxdy) 

Ja 

for any measurable function / : A —^ R as long as the right-hand side makes sense. 
For example, when / is the indicator function I a of a measurable set A C A, 
(^k,lA) = is the number of points inside A counted with multiplicity. By 

setting f{x, y) = y — x, we also have 

^ p+q 

(2.9) (^fc,/)= / (y - x)^k{dxdy) =^{di - bi) = Lk- 

i=i 

Then, we easily obtain the following formula of the lifetime sum. 

Proposition 2.2. 
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Proof. By Fubini’s theorem, (12.811 and (12.9p . we see that 

Lk= {y - x)^k{dxdy) 

JA 

= / ^k{dxdy) / I{0 < X <t < y < oo)dt 

A JlO.oo] 


/ dt Iio^t]{x)I[t,oo](,y)^k{dxdy) 
'[0,oo] A 


' [0,c 


I3k{t)dt. 


When q > 1, the both sides are oo. 


□ 


The persistent homology treated in this paper does not have the latter part in 
the indecomposable decomposition (12.51) . Hence, we always suppose the case <7 = 0 
from now on. 


Remark 2.3. This lifetime formula can be regarded as Little’s formula in queuing 
theory [T^ . 

Remark 2.4. The lifetime sum Lk can be regarded as the .^^-norm ||Zj|i of a 
sequence I = {hYi^i of lifetimes h = di — bi in the fc-th persistent homology. 
P. Bubenik points out that the squared .^^-norm of I is equal to 4 times the L^- 
norm of the persistent landscape [1]. In order to make clear the connection to the 
persistent landscape, we derive a similar integral formula for the £^-norm. 

First, let us define the {t — s)-persistent homology [4] 

Hk{s,t) = ZkiX{s))/{Bk{X{t))(lZk{X{s))). 


We note that 


rankRfc(s,f)= / I[o,s]{x)Iit^^]{y)fkidxdy), 
JA 


and we denote the left-hand side by /3k{s,t). Then, the integral formula for the 
^^-norm is given by 


= 2 


/3fc(s, t)dsdt. 


J 0<s<i<oo 

This formula is derived in a similar way using Fubini’s theorem: 

\\A\l= f {y-xfS,k{dxdy) 

JA 


= [ ^k{dxdy) i [ l{0<x<t 

J y^[0,cxD] 


< X < t < y < oo)dt 


/ dtds / I[o,t]{x)I[t,oo]{y)I[o,s]{x)I[s,oo]{yKk{dxdy) 
'[0,oo]2 JA 


[0,c 


dtds / I[o,tAs]ix)I[f../s,oo]iy)^kidxdy) 


IA 


= 2 

= 2 


0<s<i<oo J A 


ho,s] ix)I[t,oc] iy)^k (dxdy) 
Pkis,t)dsdt, 


/ 0<s<i<oo 
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where a Ab = min(a, b) and a V 6 = max(a, b). 

3. Spanning Acycle and Determinantal Formula 

In this section, we basically follow the argument in [3]. 

3.1. Spanning Acycle. Let A be a simplicial complex and let fc G N be fc < dim A. 
For a subset S' C A^, we define a ^-dimensional subcomplex of A by 

(3.1) As = SU 

Definition 3.1. A subset S C A^ is called a /c-spanning acycle if 

(a) Hk{Xs) = 0, and 

(b) |iLfc_i(As)| <oo. 

The set of /c-spanning acycles in A is denoted by . 

This definition is a natural generalization of the spanning trees of a graph. For 
dim A = 1 and fc = 1, S is a subset of edges and As = F U S is a graph. In this 
case, the conditions (a) and (b) are equivalent that As has no cycles and As is 
connected, respectively. This means that the 1-spanning acycle S is nothing but a 
spanning tree. 

Remark 3.2. This definition is originally introduced by Kalai [14] for A being 
a fc-dimensional simplicial complex with the complete (k — l)-skeleton. This is 
essentially the same as simplicial spanning tree given in [3] . 

Example 3.3. Let cr be a 3-simplex and let A be the simplicial complex consisting 
of all proper subsets in cr. Then, any collections of three 2-simplices in A become 
2-spanning acycles. On the other hand, any collections of two 2-simplices are not 
2-spanning acycles. More generally, the set of the 2-simplices in a 2-dimensional 
triangulated sphere minus one 2-simplex forms a 2-spanning acycle. 

Lemma 3.4. If there exists a k-spanning acycle S in X, then |iLfe_i(A(^))| < oo. 

Proof. It follows from (j3.1l) that Ck{Xs) C Cfc(A) and Cj{Xs) = Cj{X) for j < k. 
Hence, we have im9fc|s C im9fc and ker9fc_i|s = keri9fe_i, where dk\s expresses 
the restriction of dk on Ck{Xs). This implies that there exists a surjection from 
Hk-i{Xs) to Hk-i{X^^^). Hence, if S' is a ^-spanning acycle, the condition (b) 
implies |iLfc-i(A(^^)| < oo. □ 

Remark 3.5. In |^, instead of fc-spanning acycles, the notion of k-hases is con¬ 
sidered in the context of matroids. In that definition, for example, the set of the 
2-simplices in a 2-dimensional triangulated oriented surface with genus g > 1 mi¬ 
nus one 2-simplex forms a 2-base, whereas there are no 2-spanning acycles in our 
definition from Lemma 13.41 

For A: > 0, let us define 

7fe(A) = /fc(A('=)) - hiX^^'>) + 

with /3 _i(A(°)) = 0. Then, we obtain a complementary characterization of fc- 
spanning acycles as follows. 

Lemma 3.6. Any two of the three conditions (a), (b) in Definition \S. 1\ and 

(3.2) |5|=7fc(^) 
imply the third. 
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Proof. First, we note from (13.11) that 

/,(Xs) = /,(xW), 0<j<fc-l, 

/3,(Xs)=/3,(xW), 0<j<k-2. 

By the Euler-Poincare formula, we see that 

x{Xs) - = i-l flMXs) - 

k 

= ^ i-iy{p,{xs)-fi,{x^'^^)}, 

j=k-l 

where x is the Euler characteristic. This is equivalent to 

{|5| - Xk{X)} + Pk-i{Xs) - PkiXs) = 0, 
and the assertion is obvious from this identity. 

The cardinality of a fc-spanning acycle is given as follows. 
Corollary 3.7. If S is a k-spanning acycle, then 

(3.3) |.S| = Xk{X) = /fe(X«) - pk{X<^^'>). 

Proof. The claim follows from Lemma 13.41 and Lemma 13.61 
Lemma 3.8. For k > 0, 

Xk{X) = dimker9fc_i - 4.i +4.o, 

and for k > 1, 

(3.4) fk-i{X) - 7fe(X) = 7fc-i(^) - /3fc-2(X^"-')). 

Proof. Set Nk = dim ker dk and Ik = dim im dk. Then, we have 

Xk{X) = {Nk + Ik) — {Nk — Sk,o) + {Nk-i — Sk,i — Ik) 

= Xk-i — Sk,i + Sk,o- 

Similarly, for k > 1, 

fk-i{X) - Xk{X) - Xk-i{X) + /3fc_2(x('=-i)) 

= (.^fc-l + Ik-l) — {Xk-1 — Sk,l + Sk,o) 

— {Nk-2 — Sk-1,1 + Sk-l,o) + {Nk-2 — Ik-1 — Sk-2,o) 
= —Sk,o = 0 . 


Proposition 3.9. Let X he a simplicial complex satisfying 
(3.5) /3j_i(X(^)) = 0, l<j<dimX 

Then, for 0 < k < dimX, 
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Proof. The equality obviously holds for k = 0. From (13.411 and (|3.5I1 . we have 

/,_i(X) = 7,(X)+7,_i(X) 

for 1 < j < dimX. Taking the alternating sum of the above leads to 

k 

= io{x) - (-i)Sfc(x), 
i=i 

and dSH) follows from this. □ 

Example 3.10. Let X be the (n — l)-dimensional maximal simplicial complex 
on n vertices. It is obvious that Hk-i{X^^">) = 0 (and thus Pk-i{X^^'^) = 0) for 
A: = 1,2,..., n — 1 and fk{X) = ■ Then, it follows from (13.61) that 



for fc = 0,1,..., n — 1. 

3.2. Determinantal Formula. Let d G N be d < dimX. Let us express the 
boundary map dd : Cd{X) — >■ Cd-i(X) in the matrix form under the standard bases 
(the sets of oriented simplices). For K C Xd-i and S' C we denote by Oks the 
submatrix of dd restricted to the rows and columns spanned by the simplices in K 
and S, respectively. The submatrices dx and ds are similarly defined. 

Lemma 3.11. Let K,L C Xd-i with K = Xd-i \ L and S C Xd- Suppose that 
\K\ = |S| = ')d{X). Then, detS^s ^ 0 if and only if S G and Hd-i{X]f) = 0. 
In this case, 

|det9ifs| = \Hd-i{Xs, Xl)\. 

Proof. It follows from m that Xl is a subcomplex of Xs and 
{Xs)k = iXL)k = Xk, 0<k<d-2. 

This implies Hk{Xs, Xif) = 0 for 0 < fc < d — 2. Then, we have an exact sequence 
(see (12.31) 1 

(3.7) 0 ^ Hd{Xs) ^ Hd{Xs,XL) -G Hd-i{XL) ^ Hd-i{Xs) ^ ■ 

Suppose that Hd{Xs) = Hd-iiXr) = 0. Then, the exact sequence (13.71) leads to 
kerdKS = Hd{Xs,XL) = 0, 

which implies det dxs ^ 0. 

Assume to the contrary that det dxs 7 ^ 0. Then, Hd{Xs,XL) = kerdxs = 0, 
and hence Hd{Xs) = 0 from (13.71) . This together with IS”! = 7 d(X) means S G 
from Lemma iTBl and Hd-i{Xs) is a finite group. Furthermore, (13.7p leads to an 
injection 

0^ Hd-iiXL)^ Hd-i{Xs). 

Because of dimX^ = d — 1, Hd-i{XL) is free. Thus, idd-i(Xi) must be zero. 

It follows from Cd- 2 iXs, Xl) = 0 that 

Hd-iiXs, Xl) = Cd-i{Xs, Xl)/ imSifs. 

Hence, kevdxs = 0 implies that Hd-i{Xs, Xl) is a finite group of order | deti9ifs|. 
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Remark 3.12. Let K and L be as in Lemma [3. Ill It follows from (j3.4|l that 

|L| = /,_i(X)-7rf(X) 

Hence, we need the condition = 0 for L £ as stated in 

Lemma 13.41 

Corollary 3.13. Let X be a simplicial complex with /3d-2iX^‘^~^'^) = 0. Suppose 
K C Xd-i and S C Xd satisfy |i4r| = l^l = 7 d(X). Then, detS/fs ^ 0 if and only 
ifSG and Xd-i \Kg . 

Proof. The assertion immediately follows from Lemma 13.111 and Remark 13.121 □ 


Let X = ixcr)a-&Xd-i s-iid y = iyri)rieXd be indeterminates corresponding to the 
{d — l)-simplices and the d-simplices in X, respectively. Set 

(3.8) dd{x,y) = diag(x) dd diag(y), 

where diag(x) is the diagonal matrix with entries being x. 

Proposition 3.14. Let K C Xd-i with \K\ = 'yd{X). Then, 

detad(x,y)Kad(x,y)*^ = ^ (det aKs)^x^y|, 

where x^ = OcrGA Vs = Hr^eS Vv 

Proof. The Binet-Cauchy formula leads to 

det5d(x,y)iG5d(x,y)*^ = ^ (det 5/fs)^x^y| 

SGXd 

\S\=ldiX) 

= {detdKsf^Kys- 
sesw 

The second equality follows from Lemma [3.Ill □ 


Lemma 3.15. Suppose that S £ and L £ and set K 

Then, 


(3.9) 


I detSiGsl 


\Hd-iiXs)\-\Hd-2{XL)\ 

\Hd-2{Xs)\ 


Proof. It follows from L £ that we have an exact sequence 


Xd-i\ L. 


0 ^ Hd-i{Xs) ^ Hd-i{Xs,XL) ^ Hd-2{XL) ^ Hd-2{Xs) ^ 0 . 
Then, Hd- 2 {Xs) and Hd-i{Xs,Xif) are finite. Therefore, we have 

\Hd-i{Xs)\-\Hd-2{XL)\ 


IdetSiGsl = \Hd-i(Xs,XL)\ = 


\Hd-2{Xs)\ 


□ 


From this lemma and Proposition 13.141 we have the following theorem. 
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Theorem 3.16. Suppose K C Xd-i with \K\ = "fd{X) and L = Xd-i\K G 
Then, 

^ V- (\Hd-l{Xs)\-\Hd-2{XL)\ 

(3.10) det5d(x,y)ifad(x,y)^ = ^ ( -—-—- 

5g5(d) V I 

Example 3.17. Let X be a triangulation of a 2-diniensional sphere. For Xi \ K G 
5 ( 1 ) 

, we have 

det92(x,y)if52(x,y)^ = x^ ^ |iLi(Xs)|= x|- ^ y^. 

ses(2) Se5(2) 

Example 3.18. Let X be the {n — l)-diniensional maximal simplicial complex on 
n vertices and L be a set of {d — l)-simplices (d < n) in X with one fixed vertex. 

Let us set x = {x,j) and y = (j/^) to be Xo- = 1 and = 1 for all a G Xd-i and 
n G X^. Then. Theorem 13. 161 is reduced to the Kalai’s result M- Namely, because 
of Hd- 2 {Xi,) = 0 and Hd- 2 {Xs) = 0 in this setting, the equality (13.101) becomes 

n(V)= ^ \Hd-iiXs)\‘^. 

sesw 

Here, the left-hand side is derived by showing that the eigenvalues of 9d(x, y)if9d(x, y)^ 
are given by 1 and n with multiplicities {^Zi) and {^d^)j respectively. The case 
d = 1 is the Cayley’s formula counting the number of spanning trees. 

4. Lifetime Formula II 

In this section, we give a proof of Theorem 11.11 Throughout this section, let us 
set d G N as d < dimX. Furthermore, we assume that the simplicial complex X 
satisfies 

Pd-i{X^^'>)=Pd-2{X^^-^^) = 0. 

Let X = {X{t) I t G K.>o} be a filtration of X. A minimum d-spanning acycle of 
the filtration X is defined as a spanning acycle S G with the minimum weight 
wt(S') = among where ta is the birth time of the simplex a. 

We denote by M the matrix form of the d-th boundary map 5d of the persistent 
homology id* (A) under the standard bases S^-i. We also denote its evaluation 
at z = 1 by id = M| 2 =i, which is a matrix form of dd- It should be noted that 

ranked = ranked = fd{X) - ker^d = fd{X^'^'>) - Pd{X^^'>) = 7d(A). 

Let us denote the elementary divisors of M by di = z^^,...,dr = z®’’, where 
r = 7d(A). 

Proposition 4.1. Let K C Xd-i with \K\ = 'yd{X). Then, 

(4.1) det {det 

ses(‘^) 

where 

t(S) = wt(S) — min wt(S'), e(K) = min wt(S') — wt(iG), 

sesw ses(<^') 

and e{K) is nonnegative. 


2 2 
^kYs- 
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Proof. By setting x = (z *'’)aeXd-i and y = {z*^)r,e Xa, 9d (x,y) defined in (HJ]) 
coincides with Sd ■ Cd{X) —>• Cd-i{X). By Proposition 13. 141 we obtain 

det MkM^j^= {detMKs? 

s&sw 


s&sw 

= E 


ses(<^') 

The claim e{K) > 0 follows from the fact for a C r). 

Lemma 4.2. For the elementary divisors di = z®b ■ ■ ■ ,dr = 

min e-{K) = Ci + • • • + e^, 

where = {Xd-i \L\L€ 


ofM, 


□ 


Proof. Let us note that the product di • • • dr- is equal to the r-th determinant divisor 
Ar{M) = gcd{det Mks I K C Xd-i,S C Xd, \K\ = l^l = r}. 

Recall from Corollary 13 .1 31 that detS/fs 0 if and only if S' S and Xd-i\K S 
5 (c*-i)_ Then, the exponent of Ar{M) is equal to the min^g_j(d-i) e{K), and hence 
this leads to the formula. □ 


Now, let us consider the (d— l)-st persistent homology F[d-i{X) and its lifetimes. 
Let p and q be the indices appearing in the indecomposable decomposition (12.51) for 
Hd-i{X). Because of pd-i{X^'^'>) = 0, we have q = d. Furthermore, it follows that 
p < dimker 5d-i = rankd^i = r. In case of p < r, we add = 0 for j = p + 1, ..., r 
to the list of the lifetimes li,... ,lp. 

Lemma 4.3. {ei,..., Cr} and {li,..., Ir} coincide as multisets. 


Proof. Let us express the boundary maps Cd{X) Cd-i{X) Cd- 2 {X) in the 
matrix forms by using the standard bases and 2^-2- Then, by performing 

appropriate base changes, Sd is expressed as a smith normal form 




■ A 

0 ■ 

0 

0 


A = diag(z®C...,z®'-), 


where Ci = ta^ — t^ is determined by the birth times of corresponding simplices 
€ Sd and Ti € Sd_i. We note that ta-^A = l,...,r, give the death times of 
the persistent homology Hd-i{X). Furthermore, it follows from Sd-i o Sd = 0 that 
the first r columns of dd-i are now expressed to be zero vectors. It means that 
tri,i = 1! • ■ ■; ^re the birth times of Ftd-i {X), and hence ei,i = 1, ... ,r, coincide 
with the lifetimes of Hd-i{X). □ 


Proof of Theorem II.II It follows from Lemma 14.21 and 14.31 that 

Ld—i — b T ■ * * F L ~ T * * * T Cy = min e{Kf 

Note that the minimum of e{K) is achieved by a minimum spanning acycle L = 
Xd-i \ K G Thus, by combining with Proposition [521 we obtain Theorem 

o 
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5. SiMPLiciAL Complex Process 


5.1. Random Persistence Diagram as Point Process. First of all, we briefly 
recall the notion of point processes or random point fields. Let S' be a locally 
compact Polish space (locally compact separable metrizable space) and Q = QiS) 
be the set of nonnegative integer valued Radon measures on S. Here, ^ is called a 
Radon measure if ^ is locally finite in the sense that ^{K) < oo whenever K C S 
is compact. Each element ^ € Q can be expressed as ^ "^sSs, where (5^ is the 
delta measure at s and G Z>o stands for multiplicity. 

Let Bc{S) be the space of bounded measurable functions with compact support 
on S. For / G i?c(S), we define a coupling of ^ G Q and / G Bc{S) by 



In particular, when / is the indicator function I a of a measurable set H , (^, I a) = 
is the number of points in A counting with multiplicity. A sequence G 
Q} n>i is said to converge to ^ valuely if (^„, /) converges to (^, /) for any bounded 
continuous functions / with compact support. The space Q is equipped with the 
topological cr-algebra B{Q) with respect to the vague topology. A Q-valued random 
variable on a probability space (H, T, P) is called a point process or a random point 


field. 


Given a point process on S, the expectation A(A) := E^(A) for every Borel set 
A defines a measure which may be finite or infinite. If it is also a Radon measure, 
A is said to be the mean measure or the intensity measure. In this case, we have 



for / G Bc{S). We note that the mean measure does not necessarily belong to Q. 

Higher moment measures can also be defined. 

Let X = be an increasing stochastic process defined on a probability 

space P) taking values in the set of simplicial complexes, i.e., a random 

filtration of a simplicial complex. As in Section [2.21 we assume that there is a finite 

saturation time T = T(lo) such that X(t) = X(T) for t > T a.s. 

As explained in Section [2l every filtration associates persistence diagrams on 
_2 

A = {{x,y) G K>o \ X <y}. Namely, a random filtration X assigns a sequence of 
Q-valued random variables 


{Ci S Q(A) I i G Z>o}, 


where each is the i-th persistence diagram of X. In this case, the mean measure 
Ai on A turns out to be a Radon measure (indeed a totally finite measure), and we 
call it the f-th mean persistence diagram. Hence, we have 



for / G i?c(A), and it also makes sense for nonnegative measurable functions. In 
particular, this leads to 


for the lifetime sum Li of the i-th persistent homology. 
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We consider two generalizations of the Erdos-Renyi graph process as random 
filtrations of simplicial complexes and discuss the expectation of the lifetime sum. 

5.2. Linial-Meshulam Process. We discuss a stochastic process 

studied in [16) . Let A„_i be the (n — l)-dimensional maximal simplicial complex 
on the set [n] = {1, 2,..., n}, and let be its d-dimensional skeleton (1 < d < 

n — 1). Let {to- I cr G (A„_i)d} be i.i.d. random variables uniformly distributed on 
[0,1], where (A„_i)d is the set of all d-simplices in A„_i. We regard as the birth 
time of the d-simplex a. Let (t)}o<t<i be an increasing stochastic process on 
simplicial complexes defined by 

/cW(t) = /C('')(0) U {a G (A„_i)d I < t}. 

The process starts from the (d— l)-dimensional skeleton A^^/^ at time 0 and ends 
up with the d-dimensional skeleton A^^2i at time 1, i.e., 

We call {/C^‘^^(t)}o<t<i the d-Linial-Meshulam process. In particular, the 1-Linial- 
Meshulam process is nothing but the Erdos-Renyi graph process mentioned in Sec¬ 
tion |TJ 

Remark 5.1. Similar process is studied in [9], in which the birth times are i.i.d. 
exponential random variables with mean 1 instead of uniform random variables. 
The advantage of their choice of random birth times is that the process becomes a 
continuous-time Markov process. 

Let /3fe(t) denote the k-th. Betti number of at time t. Note that /3fc(t) = 0 

for fc = 0,1,..., d — 2. We denote by fk{t) = (t)) the number of fc-simplices 

in Then, by applying the Euler-Poincare formula to the d-Linial-Meshulam 

process, we have 

(5.1) Pd{t) - = fdit) - 

We also note that there exist random times Td-i,Td G [0,1] with Td-i < Td such 
that 

/3d-i(0) = ^ I3d-i{t) = 0 for t > Td-i, 

^d(O) = 0, Pdit) = ^ ^ 

The Betti numbers I3d-i{t) and fid{t) are non-increasing and non-decreasing in t, 
respectively. 

5.3. Clique Complex Process. The clique complex C1(G) associated with a 
graph G is the maximal simplicial complex having G as the 1-dimensional skeleton. 
In other words, the simplices in C1(G) consist of all complete subgraphs in G. We 
define a clique complex process associated with the Erdos-Renyi graph process on 
n vertices by 


C{t) = C\{IC^^'>{t)), 0<t<l 
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where (t) is the one defined in the previous subsection. The process starts from 
the 0-skeleton, i.e., n isolated vertices, and ends up with A„_i. Namely, 

Ai°2i=C(0)cC(f)cC(l) = A„_i. 

By definition, for each edge e in C(t) (or equivalently IC^^\t)), a uniform random 
variable tg S [0,1] is independently assigned as its birth time, and the birth time 
of a simplex a with |cr| > 2 is given by 

ter = max{te I e C cr, |e| = 2}. 


We remark that ty = 0 for each vertex v G [n]. 

Since a simplex a contains (^ 2 ^) edges and is the maximum of the ordered 
statistics of i.i.d. (^ 2 ^) uniform random variables, we have 


E[ter] 


('?) + !' 


Here, we used the following well-known fact. Let yi,i = l,...,iV, be i.i.d. uni¬ 
form random variables on [0,1] and Yi,i = I,N, be the rearrangement of yi in 
increasing order. Then, for each i = 1,..., TV, 


(5.2) E[y.] = 

We remark that the Betti numbers in {C(t)}o<t<i are not monotone in t, al¬ 
though they are in (t)}o<t<i. 


6. Expectation of Lifetime Sum 

In this section, we first prove Theorem ll.21 Then, we show a partial result on the 
expectation of the lifetime sum in the clique complex process. We note that, since 
both processes and {C(t)}o<t<i are defined on the interval [0,1], the 

lifetime formula (1131) is given as 

( 6 . 1 ) Ld-i = [ (3d-iit)dt. 

Jo 

6.1. Proof of Theorem 11.21 For d > 1, let be the set of d-dimensional 
simplicial complexes on n vertices with the (d — l)-complete skeleton For 

Y G , let us define 

nd{Y) = {aG (A„_i)rf I pd-iiY Ua) = Pd-i{Y) - 1}, 

SdiY) = {aG (A„_i)rf I pd-i{Y U a) = /3d-i(F)}. 

We note that 

(1) Yd C Sd{Y), 

(2) (A„_i)d = 7^d(F) U Sd{Y) for F € and 

(3) a G Sd{Y) is equivalent that the boundary of cr is contained in \-aidY,d, 
where dy^d is the d-th boundary map for Y . 

The set Sd{Y)\ Yd is called the shadow of Y in [17]. It should be noted that TLd 
and Sd are monotone decreasing and increasing, respectively, i.e., 

TZdiY) D 7^rf(r'), SdiY) c Sd{Y') 
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for Y,Y' S with Y d Y'. For Y S , we define the hull of F by := 

Y U 5d(y). By definition, it is clear that 

(6.2) ^d_i(F)=/3d_i(y). 

Now we use a Kruskal-Katona-type result obtained in m- Here, we restate their 
result as to be fitted in our situation. 

Proposition 6.1 f |17). Corollary 6.6). Let Y he a d-dimensional simplicial complex 
with \Yd\ = {d+i)> where x > d + 1 is a real. Then, raakdY,d > ^^\Yd\- In 
particular, for any d-dimensional simplicial complex Y defined on n-vertices, 

(6.3) rankdy.d > ^ |ld|. 

n 

Corollary 6.2. For Y G C^\ 

(6.4) fid-i{Y) < ^\ndiY)\. 

n 

Proof. By (|6.2p and (|6.3D . 

Pd-iiY) = l3d-i(Y) = - rank%_^ < ^ 

Since |Fd| = |5d(F)| = — \TZdiY)\, we have the desired inequality. □ 

In what follows, we will use the symbol N for in this subsection. Let us 

set ci'fm = {Y G I I Yd I = m}. Then, we have a decomposition 

N 

n{d) _ I I n(d) 
m—1 

Let Y^'^\n,m) be the uniform distribution on Cn'fm. We use the notation Y ^ 
Y^‘^\n,m) to mean that Y is chosen according to the distribution Y^‘^\n,m). 

For two random simplicial complexes X and Y taking values in , we say that 

Y stochastically dominates X, denoted by X Cst Y, if there exists a coupling of 
Xd and Yd such that Xd CYd a.s. 

Lemma 6.3. Let k,m G N with km < N. Suppose that Yi,... ,F ^ Y^‘^\n,m) 
are i.i.d. random simplicial complexes and Y ^ Y^'^\n,km). Then, Gst Y. 

Proof. For given Yl, ..., F, we define a collection of subsets of d-simplices by 

:= {F C (A„_i)d I F D uti(F)d, \F\ = km}. 

We sample F from AYi,...,Yk uniformly at random and set Y = UF. Then, it 

is easy to see that the law of Y is equal to Y^) (n, km), and hence Cst Y. □ 

For Z ^ YA){n, m), we set pn^m = ]P(o’ G TZd{Z)). By symmetry, the probability 
Pn,m does not depend on the choice of tr G (A„_i)(i, and ¥\'R,d{Z)\ = Npn^m- Note 
that Pn,m is decreasing in m. 

Lemma 6.4. Let k,m gN with km < N and Y ^ YA)(^ri,km). Then, 


md{Y)\<Npi^ 
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Proof. Suppose Yi,...,Yk Y^‘^\n,m) are i.i.d. random simplicial complexes. 

From Lemma 1631 we have a coupling such that Yi C C Y for every i = 

1, 2,..., fc by symmetry. Since IZd is monotone decreasing, we obtain 

nd{Y) c 7^rf(utlr,) c ntl7^d(r,)• 

This implies 

P(a G 7^d(y)) < P(nti{^ e nd{Y,)}) 

= P(a G UdfYiff 
= 

rn^m 

Therefore, again by symmetry, we obtain E|7?.d(y)| < N □ 


Proposition 6.5. Let {Yt = /C*''^^(t)}o<t<i be the d-Linial-Meshulam process on n 
vertices. Then, for any m < N, 

[ E\nd{Yt)\dt < ^—. 

Jo ^ Pn,m 

Proof. For fixed m G N, we see that 

[N/m] (fc+l)m —1 

mdiY)\ = E nMY)\ \ \(Y0d\ = i] ■ Pdiyo^i = o 

k—O i—km 
[N/m] (fc+l)m —1 

= Y. Y E\nd{Y(^Hn,m-mYt)d\ = i) 

k—O i—km 
[N/m] (fc+l)m —1 

< ^ ^ E\nd{Y^^Hn,km))\-Fi\{Yt)d\=i) 

k—O i—km 
[N/m] (fc+l)m —1 

< E ^Pn,m Y mYt)d\=i). 

k—O i—km 


Here TZd{Y^'^\n,i)) means TZdiY) for Y ^ Y^'^\n,t}. Since \{Yt)d 
we have 

[\{\{Yt)d\ = e)dt= ^ 

Jo Jo 


Bin{N, t), 


Therefore, 


ipY t) at 


[N/m\ 

'E\nd{Y)\dt< Y 

fe=0 


m 


< 


m 


.^ + 1 1 ~ Pn,r. 


□ 


Now, we appropriately choose m in Proposition 16.51 For 0 < c < 1, let us define 

(6.5) rnc{n) := min |m < N Pn,m < c| . 

Then, Hoffman-Kahle-Paquette showed the following result. 

Lemma 6.6 l[10j. Lemma 10). rnxjiin) < 4Q). 

We remark that a slightly different definition mi/ 2 {n) = min{m < N \ E|7^d(y)| < 
iV/2} is used in [10], and it is equivalent to (16.51) with c = 1/2 by symmetry. 
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Proposition 6.7. Let {yi}o<t<i be the d-Linial-Meshulam process on n vertices. 
Then, 


E|7^d(y^)|d^ < 8 


Proof. We set m = mi/ 2 (n) in Proposition 16.51 Then, <1/2 from (16.51) and 
hence ^ 

[ E\TZd{Yt)\dt < -^ - <2mi/2(n)<8W. 

Jo 1 Pn,m \®/ 

□ 


Now we are in a position to prove our main result. 


Proof of Theorem \1.SX By the lifetime formula (16.11) . Corollary 16.21 and Proposi¬ 
tion we obtain an upper bound 

E[Ld_i] = j\[fia-i{t)]dt < ^ j\\nd{Yt)\dt < 

Let us next consider a lower bound. Because of = 0 for any (d — l)-simplex 77 
in the d-Linial-Meshulam process, the lifetime formula CID leads to 

|r| 

Ld-i = wt(T) > 

i=l 

where T is the minimum spanning d-acycle and 0 < Ui < M 2 < ’ ’ • < un < 1 is the 
rearrangement of i.i.d. uniform random variables {to- | cr G (A„_i)rf}. We recall 
|r| = from Example l3.10l Then, it follows from (15.21) that 


This completes the proof. 


□ 


6.2. Expected Lifetime Sum for Clique Complex Process. In this subsec¬ 
tion, we consider the clique complex process and show bounds for the expectation of 
the lifetime sum. For the derivation of the upper bound, we first recall the discrete 
Morse theory. 

Definition 6.8. Let A be a simplicial complex on a vertex set V. A partial 
matching consists of a partition of X into three sets A,Q, and K along with a 
bijection (j) : Q ^ K such that a C (j>{a) and |(/(cr)| = |cr| -I- 1 for each a £ Q. 

We denote a partial matching by At = {A,(j) : Q ^ K). Given a partial 
matching, we set a relation <C on Q by extending transitively the relation <1 defined 

by 

Q' Q' c cfiQ). 

A partial matching At is called an aeyclic matching if -C is a partial order. The 
elements in A are called critical simplices. 

Theorem 6.9 ([6]). Suppose X is a simplicial complex with an acyclic matching 
At. Then, X is homotopy eguivalent to a CW complex with exactly one k-cell for 
each critical k-simplex. 

Let us construct a (d — 1, d)-type acyclic matching {A, (f : Q ^ K) as follows: 
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(1) Suppose that the vertex set V is totally ordered asl<2<---<|y| and 
it induces the lexicographic order <iex on X. 

(2) For cr G Xd-i, if there exists 

T = lexmin{f G | cr C f, tr <iex fj, 

then we add (/): cr i-A r as a pairing. 

(3) All the remaining simplices are set to be critical. 

This is the acyclic matching used in |12) . 

Now we derive the following bounds of the expected lifetime sum in the clique 
complex process. 

Theorem 6.10. For the clique complex process {C(t)}o<t<i, there exist positive 
constants c and C (depending on d) such that, as n ^ oo, 

cn‘^~^ < E[L(i_i] < Cn‘^~^ logn 

for d = 1,2 and 

(d+2)(d-l) , , 

cn 23 < E[Ld-i] < 

for d > 3. 

We remark that d — 1 = for d = 1, 2. 


Proof. Let us write fi{t) = fi{C{f)) and j3i{t) = j3i{C{f)). We recall the Morse 
inequality 


j=d-2 


We observe that 

^ d+1 


d+l'\'^/d 


nm]dt = 




n 

J + 1 


tr.^)dt 






j = d - l,d. 
, j = d-2. 


It is easy to check that Cd-i '■= > 0 for every d > 1. Therefore, by 

(EH) and the Morse inequality, we see that 

^ ^ d + 1 y-fd 


E[Ld-i] > 


E[/3d_i(t)]dt 


(d+2)(d-l) 

> Cd-in 23 . 


This yields the lower bound since = d—lford=l,2. 

For the upper bound, we use the discrete Morse theory. Let /^_r(t) be the 
number of critical (d— l)-simplices in the (d— l,d)-type acyclic matching for C{t). 
It follows from Theorem 16.91 that 


/3d_i(t) < min{/d_i(t),/^_r(t)}. 
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The expectation of the first term is given by E[/d_i(t)] = On the other 

hand, we compute E[/^_^(t)] as 

E[/l_i(i)] = X! P(cr is critical) 
cr€(An-i)d-l 
n 

= E E id- 1 , j} is critical). 

j=d l<ii<i2<---<id-i<j 

A (d—l)-simplex {ii,i 2 , ■ ■ ■, id-i,j} is critical if and only if the d-simplex {ii,i 2 , ■ ■ ■, id-i,j, k} 
does not appear for any k > j + 1. Hence, we obtain 


nis-iit)] = 


< 


d- 


\ 

h«)y:(i-c 


\n-3 


d- 1 


n \ (^)_d 


and 


Therefore, we obtain 


E[/3d-iit)] < min | ^ 

tain 

E[Ld-i]< = Oin^-^) 


for d > 3 and 


(d-l)(d+2) ' 


i/d \d — ly 


= 0{n' ’ 2 d ' )-I-0(n'^ Oogn) 

= 0{n'^~^ logn) 
for d = 1,2. This completes the proof. 

7. Concluding Remarks 


□ 


7.1. Limiting Constant. A detailed analysis of the Linial-Meshulam complex 
/CO)(t) at time t = cjn (c > 0) has recently been reported in [18]. By apply¬ 
ing their results, we formally show that the limit Id-i '■= lim„_>oo -E[Ld_i] can 
be expressed by an integral form which recovers Jq = C(3) for d = 1. 

As was studied in the Erdos-Renyi graph, Poisson trees play an important role to 
characterize the Linial-Meshulam complex at t = c/n. By using the spectral mea¬ 
sure of the upper (d— l)-dimensional Laplacian dddj obtained from the boundary 
operator, Linial-Peled [T5] basically show the following: let be the unique root 
in (0,1) of the following equation 

(d -I- 1)(1 — t) -I- (1 -I- dt) logt = 0 
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and set by 

te(o,i). 

For d = 1, we understand t* = c* = 1. Let t = tc he the smallest positive root of 
the equation t = . Then, for every c > cj, 

^E[/3,(c/n)] = (1 + o(l)){ct,(l - t^r + ^(1 - - (1 - to)} 

holds with probability tending to 1 as n —>■ oo. 

Now, by applying this asymptotic formula into (EID, we have 

■^E[/3d-i(c/n)] = |E[/3d(c/n)] + ^ “ ®l[/d(c/n)] 

= (1 + o(l)) |cte(l - tc)'" + ^(1 - + tc - . 

'-V-" 

= :hd(c) 

Then, integrating both sides roughly yields 

1 1 /ti\ 1 

y E[l3d-i{t)]dt ^—(A J E[l3d-i{c/n)]dcf^— J hd{c)dc 

as n —> oo. We should remark that the part ~ is the rough derivation. From this 
formal discussion, we conjecture that the limit exists and the limiting constant is 
given by 

1 1 

Id -1 = hm —^E[Ld-i] = -77 / hd{c)dc. 
n^ca dl Jq 

Actually, this integral form recovers Iq = C(3), which is nothing but Frieze’s C(3)“ 
limit theorem. Namely, for d = 1, we have fc = 1 for 0 < c < 1 and tc = for 

c > 1. Then, we obtain 

Jo = y (l-|)dc + y hi(c)dc 

3 (2 — 2t + tlogt)(l — t + tlogt) j 

“i+ic 5(1777)5 “* 

= C(3)- 

Here, the second equality follows by the change of variables c = 7/>i (t) for 1 < c < oo. 

7.2. Central Limit Theorem. After Frieze’s work, Janson m proved the central 
limit theorem 

VH(Lo-C(3))^iV(0,a2) 

with (T^ = 6^(4) — 4C(3). Hence, the next interesting problem is to find the variance 
of Ld-i, and furthermore to establish the (functional) central limit theorem in our 
setting. To this aim, we feel that we need more detailed study of structures of 
spanning acycles. 
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7.3. Limit Theorem of Persistence Diagram. In Section 5, we viewed random 
persistence diagrams as point processes on A. Then, the lifetime sum Ld-i is a 
functional of this point process and we derived its order in this paper. So, another 
natural problem is to establish the limit theorem for persistence diagrams. More¬ 
over, limit theorems for barcodes and persistent landscapes for the Linial-Meshulam 
processes and the clique complex process should also be studied in connection with 
persistence diagrams. 

7.4. Order in the Clique Complex Process. Theorem 16.101 shows the upper 
and lower bounds of ]E[Ld_i] in the clique complex process, but the explicit order 
has not yet been obtained at present. We performed numerical experiments to 
observe W\Ld-i] with respect to the number of vertices. From these computations, 
we observe that the upper bound seems to be correct for d = 2, although the lower 
bound is the right order for c? = 1 (Frieze’s C(3)-limit theorem). 

7.5. Asymptotics of f^-norm. In Remark 12.41 we showed the integral formula 
for the f^-norm || 1||2 of the sequence I = (^i)iLi of the lifetimes in connection with 
the persistence landscape. Then, it seems to be interesting to study asymptotic 
behaviors of ||/||2 in a similar spirit to our main result. For this purpose, we would 
like to also derive an algebraic formulation of ||^||2 corresponding to (na. 

7.6. Wilson’s Algorithm. The Wilson’s algorithm provides a fast algorithm 
of sampling uniform spanning trees by using loop-erased random walks on graphs. 
It would be natural to ask a generalization of the Wilson’s algorithm producing 
uniform spanning acycles. To this aim, there are two things we need to consider. 
One is to hnd a natural candidate of loop-erased random walks defined on simplicial 
complexes. The other is to give a right meaning of uniform under the presence of 
the nontrivial factor (EH) in (|3.10l) . In case of graphs {d = 1), since this factor is 
always 1, the weight of each spanning tree is not biased. 

Acknowledgement 

This work is partially supported by JSPS Grant-in-Aid (26610025, 26287019). 

References 

[1] P. Bubenik. Statistical topological data analysis using persistent diagram. arXiv:1207.6437v4. 

[2] C. Cooper, A. Frieze, N. Ince, S. Janson and J. Spencer. On the length of a random minimum 
spanning tree. arXiv:1208.5170 ^2. 

[3] A. Duval, C. J. Klivans and J. L. Martin. Simplicial matrix-tree theorems. Trans. Amer. 
Math. Soc. 361 (2009), 6073-6114. 

[4] H. Edelsbrunner, D. Letscher, and A. Zomorodian. Topological Persistence and Simplification. 
Discrete Comput. Geom. 28 (2002), 511-533. 

[5] P. Erdos and A. Renyi. On random graphs I. Publ. Math. Debrecen 6 (1959), 290-297. 

[6] R. Forman. Morse theory for cell complexes. Adv. Math. 134 (1998), 90-145. 

[7] A. M. Frieze. On the value of a random minimum spanning tree problem. Discrete Applied 
Math. 10 (1985), 47-56. 

[8] J. R. Munkres. Elements of Algebraic Topology. Perseus Publishing. 1984. 

[9] C. Hoffman, M. Kahle and E. Paquette. Spectral gaps of random graphs and applications to 
random topology. Discrete Math. 309 (2009), 1658-1671. 

[10] C. Hoffman, M. Kahle and E. Paquette. The threshold for integer homology in random d- 
complexes. arXiv:1308.6232v2. 

[11] S. Janson. The Minimal spanning tree in a complete graph and a functional limit theorem 
for trees in a random graph. Random Struct. Alg. 7 (1995), 337—355. 






24 


YASUAKI HIRAOKA AND TOMOYUKI SHIRAI 


[12] M. Kahle. Topology of random clique complexes. Discrete Math. 309 (2009), 1658-1671. 

[13] M. Kahle. Topology of random simplicial complexes: a survey. arXiv:1301.7165^2. 

[14] G. Kalai. Enumeration of Q-acyclic simplicial complexes. Israel J. Math. 45 (1983), 337—351. 

[15] J. B. Kruskal. On the shortest spanning subtree of a graph and the traveling salesman prob¬ 
lem. Proc. Amer. Math. Soc. 7 (1956), 48-50. 

[16] N. Linial and R. Meshulam. Homological connectivity of random 2-complexes. Combinatorica 
26 (2006), 475-487. 

[17] N. Linial, I. Newman, Y. Peled and Y. Rabinovich. Extremal problems on shadows and 
hypercuts in simplicial complexes. arXiv:1408.0602 i/^2. 

[18] N. Linial and Y. Peled. On the phase transition in random simplicial complexes. 
arXiv:1410.1281 

[19] J. Little. A proof for the queuing formula: L = \W. Operations Research 9 (1961), 383-387. 

[20] R. Lyons. Random complexes and £^-Betti numbers. J. Topology Anal. 1 (2009), 153-175. 

[21] R. Meshulam and N. Wallach. Homological connectivity of random /c-dimensional complexes. 
Random Struct. Alg. 34 (2009), 408-417. 

[22] D. B. Wilson. Generating random spanning trees more quickly than the cover time. Proceed¬ 
ings of the Twenty-eighth Annual ACM Symposium on the Theory of Computing (Philadel¬ 
phia, PA, 1996), 296303, ACM, New York, 1996. 

[23] A. Zomorodian and G. Carlsson. Computing persistent homology. Discrete Comput. Geom. 
33 (2005), 249-274. 

Institute of Mathematics for Industry, Kyushu University, 744, Motooka, Nishi-ku, 

Fukuoka, 819-0395, Japan 

E-mail address: hiraoka@imi.kyushu-u.ac.jp 

Institute of Mathematics for Industry, Kyushu University, 744, Motooka, Nishi-ku, 

Fukuoka, 819-0395, Japan 

E-mail address: shirai@imi.kyushu-u.ac.jp 


